Abstract In this short paper we generalize the conditions that Casoratian entries satisfy for the two-dimensional Toda lattice. Although we finally conclude that our generalization is trivial in some sense for getting new solutions, our discussion is still helpful for the study of Wronskian technique.
Introduction
The well-known Wronskian technique [1−7] provides an efficient direct approach to deriving soliton solutions for nonlinear evolution equations possessing Hirota's bilinear forms. [8, 9] In general, by imposing linear conditions on Wronskian entries, bilinear equations are reduced to the Laplace expression of some zero determinants. A significant generalization was given by Sirianunpiboon, Howard and Roy (SHR) [10] in 1988. They substituted a triangular matrix for the diagonal one in the linear problem for Wronskian entries for the KdV equation and also gave a procedure to derive the new entries. In fact, under their generalizations, many kinds of solutions, such as positons, negatons, rational solutions, complexitons (breathers) and mixed solutions, can easily be obtained. [11−17] However, SHR's generalization cannot directly apply to (1+2)-dimensional bilinear systems. In fact, solution generalizations for (1+2)-dimensional systems are more easily obtained than the (1+1)-dimensional ones. [18, 19] As an example, one can refer to Sec. 2.
Recently, it is pointed out that a new matrix can also be introduced in the linear conditions on Wronskian entries for (1+2)-dimensional bilinear systems, [20] and a generalization for Grammian solutions to the bilinear KP equation has been achieved. [21] In this paper, we generalize the conditions that Casoratian (discrete version of Wronskian) entries satisfy for the two-dimensional Toda lattice (2DTL). Two arbitrary matrices will be introduced in our generalization, and the verification is easily achieved by virtue of the properties of some special Casoratian. Our main interest in the paper is to see whether and how the new introduced matrices will lead to new solutions. However, it finally turns out that such generalization is trivial in some sense. Even though, our discussion is still meaningful for the study of Wronskian technique.
This short paper is arranged as follows. In Sec. 2, we recall the 2DTL and its original Casoratian solutions. In Sec. 3 we give the generalizations of Casoratian solutions and in Sec. 4 we give further discussion.
2DTL and Its Original Casoratian Solutions
In this section, we recall 2DTL and its original Casoratian solutions.
2DTL is the system
Through the transformation [22] V
the bilinear form of Eq. (1) is given as
where D is the well-known Hirota bilinear operator
A very interesting fact is that if we choose another transformation,
instead of Eq. (2), we can still reduce the 2DTL (1) to the bilinear form (3). In fact, substituting Eq. (4) into Eq. (1) yields
which further reduces to Eq. (3). The bilinear 2DTL (3) has the following Casoratian solution: [22] f n = Cas (φ(n))
for j = 1, 2, . . . , N . Equation (7a) coupled with Eq. (7b) is called the Casoratian condition of the 2DTL. We note that, if φ j (k j , t, s, n) solves Eqs. (7a) and (7b), where k j is a parameter independent of t, s, and n, then it is easy to know that (∂ m /∂k j m )φ j (k j , t, s, n) * The project supported by National Natural still satisfies the Casoratian condition of the 2DTL for any m = 0, 1, 2, . . .
Generalized Casoratian Solutions
In what follows, we generalize the Casoratian entry conditions (7a) and (7b). Let us start from the following simple lemma.
Lemma 1 Consider N × N Casoratian f n = Cas (φ(n)) defined by Eq. (6) with the entry vector φ(n) satisfying
and consequently
Proof Equation (10) can be derived by using Eqs. (8a) and (8b) if we calculate t-derivative and s-derivative of f n row by row (instead of column by column). Then equation (11) can be verified directly, where Tr (A(t, s)) s = Tr (B(t, s)) t (12) comes from taking trace of Eq. (9) .
With this lemma in hand and by noting that the known Casosratian solutions given in Sec. 2, we immediately reach the following Theorem.
Theorem 1 The Casoratian (6) solves the bilinear 2DTL
where A(t, s) and B(t, s), two arbitrary N × N matrix functions of t and s but independent of n, satisfy the compatible condition (9) and
Solution of 2DTL (1) can be recovered through the transformation (2) from the Casoratian f n satisfying Theorem 1. We note that if we employ the transformation (4) instead of (2) to recover solutions, then the condition (14) in Theorem 1 can be neglected. Let us prove this in the following.
Theorem 2 V n given in Eq. (4) solves the 2DTL (1) if f n is the Casoratian (6) with φ(n) satisfying
where A(t, s) and B(t, s), two arbitrary N × N matrix functions of t and s but independent of n, satisfy
Proof We introduce a new Casoratian vector ψ(n) . = ψ(t, s, n) defined as
It then follows from (15a) that
I is the N × N unit matrix. Similarly, from Eq. (15b) we have
with
where we have made use of the equality Tr (A(t, s)) s = Tr (B(t, s)) t derived from Eq. (16). Thus, ψ(n) satisfies Eqs. (18) and (20) and it is easy to check thatÃ(t, s) andB(t, s) satisfy
So, in the light of Theorem 1, the Casoratian Cas (ψ(n)) solves the bilinear 2DTL (3). Finally, noting that equation (17) implies Cas (φ(n)) = exp[ Tr A(t, s)dt] Cas (ψ(n)), we conclude that although Cas (φ(n)) given by Theorem 2 does not solve the bilinear 2DTL (3), it provides the same solution to the 2DTL (1) through the transformation (4) as Cas (ψ(n)) does. That means, Theorem 2 holds.
Further Discussion
The main purpose of our paper is to investigate whether and how the new introduced matrices A(t, s) and B(t, s) lead to new solutions to the 2DTL. However, our generalization is trivial for deriving new solutions. To explain this, we first give the following lemma.
Lemma 2
Suppose that N × N matrix B(z) = (B ij (z)) 1≤i,j≤N and each B ij (z) ∈ C [a, b] (a and b can be infinite). Then, there exists a non-singular N × N zdependent matrix H(z) satisfying
Proof Consider the following homogeneous linear ordinary differential equations:
where h(z) is an N -order vector function of z. For any given number set (z j ,h j1 ,h j2 , . . . ,h jN ), under the condition of this lemma, equation (24) has unique solution vector,
which satisfies h j (z j ) = (h j1 ,h j2 , . . . ,h jN ) T for each j = 1, 2, . . . , N . Taking Det(h js ) 1≤i,j≤N = 0, Then {h j (z)} 1≤i,j≤N is a basic solution set. Thus, the matrix
T provides a non-singular solution to Eq. (24). Now, let us come back to the Casoratian condition (15a) and (15b). Suppose that A(t, s) and B(t, s) belong to C [a, b; c, d] (a, b, c and d can be infinite). In the light of Lemma 2, there exists a non-singular N × N matrix H(t, s) solving
Then, we introduceφ
and from Eqs. (15a) and (15b) we havẽ
wherẽ
Without lose of generality, we letÃ(t, s) ∈ C [a, b; c, d ]. In addition, noting that φ ts (n) = φ st (n), from Eq. (27) we haveφ ts (n) =φ st (n) and this implies
i.e.,Ã(t, s) =Ā(t). We further introducē
where G(t) is a non-singular N × N matrix solving
It then follows from Eqs. (28a) and (28b) that
Thus, noting that Cas (φ(n)) = |G(t)H(t, s)|Cas(φ(n)), we conclude thatφ(n) and φ(n) lead to same solutions to the 2DTL (1) through the transformation (4), i.e., A(t, s) and B(t, s) in Eqs. (15a) and (15b) do not generate any new solutions for the 2DTL in the sense that B(t, s) and A(t, s) defined by Eq. (29) have mutual continuous area.
To sum up, we have given a kind of generalization for the Casoratian solutions to the bilinear 2DTL by introducing two matrices in the Casoratian condition. Our generalization is easily obtained by virtue of the property of a special Casoratian given in Lemma 1. Such generalizations also hold for some other (1+2)-dimensional cases such as the Wronskian solutions to the KP equation [1] and Casoratian solutions to the differentialdifference KP equation, [19] even for the Grammian solution Det x f i g j dx 1≤i,j≤N to the KP equation. [9, 23] We further argued that our generalization is trivial for generating new solutions in some sense. Even though, our discussion is still meaningful for the study of Wronskian technique.
